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Technique for Determining Local Heat-Transfer Coefficients

H. J. Sternfeld* and J. Reinkenhof*
DFVLR, Lampoldshausen, Germany

This paper presents a procedure for determining the unsteady-state heat-transfer coefficient between a hot gas
and a thermally thick wall with an arbitrary initial temperature distribution. The one-dimensional analysis takes
into account the temperature dependence of the material properties and is based on the integral form of the
energy conservation law. The measured unsteady temperature field is approximated by polynomials and power
functions in space and time. Finally, the procedure for determining the heat-transfer coefficient is demonstrated
for data obtained from an experimental fluorine/hydrogen rocket engine.

Nomenclature
A,B,C =abbreviated terms
a,F,D =coefficients
A, Ay =areas
A, =cross-sectional area of the combustion cham-

ber
A, =cross-sectional area of the nozzle throat
a;, a =polynomial coefficients
@ = heat-transfer coefficient
b,d,G,E =exponents
b =polynomial coefficient
c =specific heat
c,d =polynomial coefficients
€ = geometric parameter
L =length
K =thermal diffusivity
A =thermal conductivity
mg = oxidizer mass-flow rate
my = fuel mass-flow rate
m =summation index
=index
De =combustion chamber pressure
=heat flux
o =density
T =temperature
T, =wall surface temperature
Ts = fluid temperature
t =time
X =coordinate of location
Xp, X/ =control-volume boundaries
Ner =characteristic velocity efficiency
Introduction

HEN heat-transfer rates are calculated, dimensionless
Wequations based on the theory of similitude require an
experimental determination of local heat-transfer coef-
ficients. If the heat flow from the moving fluid to the wall is
steady, the heat-transfer coefficient can be derived from a
local heat balance of the coolant.

If the wall features capacitive cooling, the heat flow is un-
steady. A test arrangement working on this principle is simple
and, if the heat flux is sufficiently large, it permits short
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testing periods. It only requires measurement of the unsteady
temperature field in a wall serving as a heat sink. In this way,
for example, local heat-transfer coefficients in rocket engines
can be determined. '

The real difficulty in the experimental determination of the
heat-transfer coefficient is not the measurement itself but
evaluation of the data. Depending on the method of
calculation, the local heat flux may yield widely different
results.” If the temperatures in the heat conductor differ
greatly, the temperature dependence of the material proper-
ties has to be taken into account. Then Fourier’s differential
equation of heat conduction becomes nonlinear, and the
solutions indicated in Refs. 6 and 7 fail. Reference 8 describes
a simple calculation method that permits the discrete deter-
mination of the heat flux g=¢g(¢) and heat-transfer coef-
ficient «=o«a(?) when the temperature T=T7T(f) at a
measurement point is known. This calls for a multiple
solution of a system of linear equations which result from a
heat balance of a number of finite elements of the heat con-
ductor. This calculation is based on a known temperature
distribution at time =0, and when there is only a single tem-
perature-measurement point, this method is limited to cases
having a uniform initial-temperature distribution. ‘

This paper presents a procedure for determining unsteady-
state heat-transfer coefficients derived from the integral form
of the energy-conservation law. Approximation functions are
used to represent the unsteady temperature field, which per-
mits processing of the test data.

Analysis

The calculation method is valid for a one-dimensional heat
flow in addition to rotational and spherical symmetry. Tem-
perature-dependent material properties are taken into ac-
count, and the unsteady fluid temperature T, =T (¢) also is
considered. The number of measurement locations is assumed
to be z>1. The unsteady temperature field T=T(x,t) is
presented in the form of n’ +1 test triplets (7,,x,,f,) in
which the summation index n=0,1,2,...n’. It is assumed that
T, is represented by the approximating polynomial

T=Y, Y a,x't )
' (G
where i=0,1,2,...,i" and j=0,1,2,...,/". The terms i’ and j’
of the polynomial may be chosen at will. The definition of the
polynomial is restricted to an area in the x and ¢ plane en-
compassing the experimental measurement locations, in
which the distances between these points need not be equal. In
principle, min. {x,} has to be placed near the wall surface
where x=x,, thus avoiding inadmissibly large extrapolations
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in the calculation of the wall surface temperature
T,=3, Y ayxpt e)
@ G
To determine the coefficient matrix (a;) of the polynomial,

the Gaussian least squares method may be used, resulting in a
minimum of the sum

0=Y (X ¥ ax4-T,) 1 min ()

(n) [C )]

Q also can be conceived as a function of (i’ +1) (' +1)
variables of a;;. Then the conditions for min. { Q] are

a
<£> =0
da;;/ i=ij=j

(I=0,1,2,...,i"; j=0,12,....j")

@

where 7 and j are introduced to discriminate the summation
indices. Differentiation results in the linear inhomogeneous
system

Y X axi il — Y, Xoth T,=0
i

(n) (i) ) (n) (5)
(i=0,1,2,...,i'; j_= 0,1,2,....j")

which features a symmetric coefficient matrix in its main
diagonal. The limited Gaussian algorithm® offers a solution,
thus determining a coefficient matrix (@) for the polynomial
terms i’ and j’ that were chosen. If these terms are

i(=1)2’-“:ir,nax (63)
J =12, fhax (6b)

the matrices derived from the i}, ./ cases, according to
Eq. (5), permit the isolation of a matrix (a;) which features
the smallest sum min. {Q}. But there are other selection
criteria. By using all pairs of values (x,,7,), an ap-
proximation polynomial which results in the least deviations
from zero when introduced into Fourier’s differential
equation can be found. But, in any case, the set of ex-
perimental data is replaced by Eq. (1) as an analytical func-
tion. For example, if temperature T is not available as a con-
stant or as an analytical function 75 = T;(¢) but as a pair of
measured quantities these values have to be substituted by an
approximation polynomial

T,= ) a t* @)

(k)

where £=0,1,2,...,k’. For an isotropic heat conductor, the
material functions A\=X(7) and K=K(T) generally are
known. From this, the approximation polynomials

A=), b, T ®)
(n)

A

—= c, T? )

k=X

can be derived, where p=0,1,2,...,u" and »=0,1,2,...,»". For
the selected polynomial degrees k' ,u’, and »’, Gauss’ normal
equations provide the coefficients (ay), (b,), and (c,).
When Eqs. (1,2,7, and 8) are introduced into the heat-transfer
condition

a(T;=T,) = —[xg]x=xo (10)
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differentiation will supply the required heat-transfer coef-
ficient

a= — E E (a;j ixi)-ltj)

(i) )
Vb (Y Y aph)¢]
() B W
. (1)
Yoark=Y Y apxie
(k) ) o)

In some cases this relation may be a rather rough ap-
proximation because approximation polynomials show an in-
creasing deviation near their limits of definition. This
deviation mainly affects the temperature gradient d7/dx at
x=x, of Eq. (10). For this reason, the integral form of the
energy-conservation law will be used to calculate a =« (1).

The heat balance can be established for a control volume
(Fig. 1) that is represented by a straight prism of height
(x;, —x,) in the one-dimensional model and by a sector of a
hollow cylinder or a hollow sphere with the radii x, and x; in
the cases of rotational or spherical symmetry. The difference
of the heat flow entering at x, and emerging at x; must equal
the change of stored energy. In the x direction, the boundaries
of the control volume are x; < max{x, } and x,, where x, <x;.
The wall surfaceat x=x, is 4,. In a one-dimensional tem-
perature field ¢ =0; in a field of rotational symmetry e=1;
and in a spherical-symmetry field e =2. Then, the heat balance
equation is

Aye(Ty—T,) A(x')é[ xaT]
AR ) w 0 X, ax 1x=x,

_dSX/A(x)e S .
= a0 ), A\ ) peTx |

From this, the heat-transfer coefficient

A-B
a(t)y=10

min. {¢,} <f<max. {7,} (13)

is obtained by using the abbreviated terms

d (%
=— Txt dx
A O §X0§c X (14)
B=x5 [)\67‘] 15
=X7 ax xex; ( )
C=x5 (T;-T,) (16)

Equation (12) also provides the heat flux at x =x,

q(t)=(A-B)/x; an

‘heatsink

N ~ N T

— T

Fig.1 Energy balance for the control volume
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The attempt to obtain «a or g not from Eq. (12) but from an
exact solution of Fourier’s differential equation

aT 4d ()\6T> N e 0T 18
c— =—{A— e
e dt ox\ dx X ox (18)

appears to be unpromising. Equations (14) and (9), as well as
A/ K =pc, provide

A= 5:) ) [CV(V+I)T”g]}M (19)

)

and, introducing Eq. (1) results in

a=1{" [(x‘ E E a,-jx"jtj*’>

0 R
(Z)j [cy<v+1)(§ %)) awt) |Jax o)

For polynomial degrees »’ >1, there is only a numerical
solution to this integral which can be obtained by dividing the
interval (x,,x,) into (m’ + 1) partial intervals

Ax= (X, —X,)/(m’ +1) @1)
If the summation index m =0,1,2,...,m’ and
X =Xg+m Ax (22)

then Eq. (20)is transformed to

a=axy {(n X L aiio)
)

(m) (1)

. g [C,,(V+1)(E Y a;x, tf>"]] 23)

[

Using Egs. (1, 2, 7, and 8), Eqgs. (15)and (16) become

B=x\), [bu< Y)Y a,-jx';tf) “] Yo X aixi e 4)

() (LI [0

szb(E a,t* — E E agx, tj) (25)

(k) [OREN )]

Equations (13 and 23-25) permit the calculation of a=« ()
without imposing limitations on polynomial degrees p’ and
v'.

In many cases, it may suffice to use constant material
properties A=\ and K=K which allow an analytical solution
to the integral of Eq. (20). Equations (23-25) then are replaced

by

X . o .
A= L L ay (et —xr )= e+ 1) 26)
@ W

B=xi\)Y, Y ayixi 't @7)

o v

C=x§)<T,g— Y Y oa,x tf) , 28)
)

)

Because there are no limitations to be imposed on the tests, all
of these equations offer some advantages in determining « as
compared with a solution of Fourier’s linear differential
equation,

The functions =« (), Ts=T5(¢),and T, =T, (t) being
known, time ¢, for example, may be eliminated by a=«
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(T;/T,). This can be done by forming pairs of values
(o, T3/ T,,) for different times within the defined limits of Eq.
(1) and representing these by an approximation polynomial

e=Y (1) @9

(o)

where 6=0,1,2,...,6".

In addition the derived relations are also valid when x,>x;
(outside heating) and x;=min. {x,}. The heat flow then
changes its sign because its direction is reversed and now op-
posed to the positive x direction.

It is convenient to reduce the number of coefficients of the
approximation function T(x,t) and to simplify data
processing by using power functions. One of these ap-
proximation functions of sufficient precision is

T=ax’ t¢ (30)

where x>0 and ¢>0. The system of equations used to deter-
mine the coefficient ¢ and exponents b and d is linear if the
Gaussian demand of least squares is stated as follows

Q=E [In(a x5¢%) —In T,,]2!=min 3D
(n)

Then the conditions for a minimum of sum Q are

0Q/0w=0; w=a,b,d (32)
Strictly speaking, the origin of the x coordinate can be chosen
freely in the case of one-dimensional heat flow (e =0). Since
Q is a function of this origin, the additional condition
dQ/dx, =0 should be observed when Q,,;, is determined. The
wall surface temperature at x=x, results from Eq. (30)

T,=a-x5-t? (33)

It is useful to fit material properties by power functions in 7.
For thermal conductivity A=A(7) and the product
pc=N/K, the material-property functions are

N =F.TO (34)

NK=D-TE 35)

fitting
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Fig.2 Heat-flux probe.
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Fig. 3 [Experimental rocket engine for high-energy propellant com-
binations.
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Here Fand D, as well as G and E, are material characteristics.
When the approximation function of Eq. (30), the wall sur-
face temperature of Eq. (33), and the material-property func-
tions of Eqs. (34) and (35) are introduced into Egs. (14-16),
the resulting equations are

A=D-at*'d(E+1)-t?EXD -]

x[b(E+1)+(+1 _xob(E+1)+e+1

36

b(E+1)+e+1 (36)
B=x1‘+b(d+’)"-F~b~aG”-td(G“) (37)
C=x5- (Ts—a x5t?) (38)

AIAA JOURNAL
g 800 distance from heat transfer srface x.: ) mm 3
- |
g: 700 /M oLl 6
< 600
4 M}/‘/J
w
% / mm:tal data 24
; L
= 500
—
j ,—;’r"’/' CURVES: wprolximate function
< ] T-a--t0 ‘
3 400 for corresponding time | ¢ o
o PP, "
N
§ — WS oy
300
5 6 7 8 9

kBURNING TIME t, (s)

Fig. 6 Nozzle-throat wall-temperature distribution approximated by
a power function.
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Fig. 7 Comparison of several calculation methods for the local heat-
transfer coefficient® with the integration method, using Eq. (13).

Unlike the use of a polynomial, this permits an analytical
solution to the integral across the control volume even when
temperature-dependent material properties are considered.

Experimental Results

Figure 2 shows the detail of the heat-flux probe used to
measure heat flux. High-conductivity copper rods 62 mm in
length and 5 mm in diameter are instrumented with five
chromel-alumel thermocouples. The thermocouple balls are
peened into small holes drilled into the rod surface. The ther-
mocouples are attached at distances of 3,6,12,24, and 48 mm
from the heat-transferring surface. A -copper sleeve is
positioned around the copper rod, and soldered to the rod at
its right end. The 1-mm gap between the rod and sleeve
prevents heat conduction from the neighboring wall to the
rod, so that the assumption of one-dimensional heat flow
along the rod is justified. To avoid pulling the thermocouple
wires from their position, they are set in place in the fitting
with sauereisen cement. The assembled heat-flux probes then
are inserted into the cavities in the nozzle and combustion
chamber wall and sealed with O-rings. The interior contours
of the combustion-chamber and nozzle wall then are
machined, to the desired dimensions, leaving their inner sur-
faces completely smooth.

A heavy-walled copper heat-sink thrust chamber shown
schematically in Fig. 3 was used. The conical expansion nozzle
consists of a single segment, but in order to provide a variable
characteristic combustion-chamber length, the combustion-
chamber is composed of several segments of different lengths.
One heat-flux probe (T1) is installed in the combustion-
chamber wall and three others (T2, T3, and T4) in the nozzle
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wall at area ratios A/A, = 1.39 (converging section), A/A, =1
(nozzle throat), and A/A,=1.39 (diverging section). The
combustion chamber diameter is 66 mm, and the nozzle-
throat diameter is 38.2 mm, giving a contraction ratio A./4,
= 3. The half-angle of the nozzle’s convergent cone section is
30°, and the divergent cone half-angle is 15°. The combustion
chamber has a characteristic length L* of 0.46 m. The ex-
perimental rocket engine produces from 30 to 150 daN of
thrust, depending on the combustion chamber pressure and
mixture ratio.

Testing of an experimental rocket engine having a nine-
element triplet injector and using the propellant combination
fluorine/hydrogen serves as an example for the applicability
of the procedure reported herein. The operational parameters
of the engine are combustion chamber pressure p,.=5.8 bar,
mixture ratio #sgy/m;=11.0, combustion temperature T3
=3860 K, characteristic velocity efficiency ».*=0.98, and
total burning time ¢#,,, = 8.4 sec. Figure 4 shows the measured
temperature field T'(x,?) in the convergent-nozzle heat-flux
probe T2, as well as the approximation polynomials resulting
from Eq. (1). Here x, (where x,=x—x,) stands for the
distance of the measurement location from the heat-transfer
surface. The average error of this approximation function can
be regarded as sufficiently small. The hot-gas-side heat-
transfer coefficient a=«(#) determined according to Eq.
(13), is shown in Fig. 5 for all four heat-flux probes (T1-T4).
The temperature dependence of the material properties is
taken into account according to Eqgs. (8 and 9). Figure 6
presents the measured temperature field T=T7(x,t), in con-
junction with the power function used according to Eq. (30)
for the heat-flux probe in the nozzle throat. From this, it is
evident that the measured temperature field is approximated
sufficiently by the power function. In this example, the
average relative error amounts to 0.737%, which leads to an
error of about 5% for the calculated heat flux. Concerning
the use of power functions, some critical remarks have to be
made. In the general case of unsteady heat flow, the heat flux,
as well as the heat-transfer coefficient, may increase or
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decrease as a function of time. If power functions are used to
approximate the temperature field, the partial derivative
0T/dx always increases with time so that in many cases the
heat-transfer coefficient cannot be determined by means of
Eq. (10).

Figure 7 shows a comparison between the method presented
in this paper and the procedures described in Ref. 5, in which
a 2400-Ib-thrust oxygen/ammonia rocket engine was used.
The approximation was made by means of a power function
and temperature-dependent material properties according to
Eqgs. (30, 34, and 35). Unlike other current procedures, the
method presented in this paper provides a continuous func-
tion for the heat-transfer coefficient in relation to time or, if
desired, to wall surface temperature 7T,.
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